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Abstract 

We show the modular properties of the multiple "elliptic" gamma functions, which are 
an extension of those of the theta function and the elliptic gamma function. The modular 
property of the theta function is known as Jacobi's transformation, and that of the elliptic 
gamma function was provided by Felder and Varchenko. In this paper, we deal with the 
multiple sine functions, since the modular properties of the multiple elliptic gamma functions 
result from the equivalence between two ways to represent the multiple sine functions as 
infinite products. 

We also derive integral representations of the multiple sine functions and the multiple 
elliptic gamma functions. We introduce correspondences between the multiple elliptic gamma 
functions and the multiple sine functions. 



1 Introduction 

The theta function 9q(z,t) and the elliptic gamma function T(z,r,a) are defined by infinite 
products 

oo 

6 (z,t) = JJ(1 - e 2 ^((i+ 1 )^-^))(i _ e 2*i(jT+*)) > 

3=0 

00 1 _ e 2m{(j + l)r+{k+l)a-z) 



r(z,r,a) = [J — [ 



p2wi(jT+ka+z) 

j,k=0 



*The author recently transferred to The Dai-ichi Mutual Life Insurance Company, Tokyo 100-8411, Japan. 
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then T(z, r, a) satisfies the difference equation T(z + t, t, a) = 9q(z, a)T(z, r, a). 

The elliptic gamma function was originally constructed by Ruijsenaars jlUj as a unique 
solution of difference equations which include the theta function as above. After his work, 
Felder and Varchenko [3j derived the "modular property" of this function, 

r (-,-,--) =e^-)r(^,-^,-i)r(,,r,.), (1) 

\a a a J \ r r r 



where 



z 3 r + cr-1 n t 2 + a 2 + l + 3rcr - 3r -3a 

Q{z;T,a) = z H z 

3ra Ira bra 

(r + a — 1)(t<t — t — a) 



YlTa 

This formula is an extension of Jacobi's transformation, in which the group SL(2,Z) x Z 2 acts 
on the parameter of the theta function. Felder and Varchenko deduced (^Q) from the modu- 
lar properties of 9q(z,t) and the special value of T(z, r, a). They also gave a cohomological 
interpretation to this formula with SL(3, Z) X Z 3 . 

On the other hand, Nishizawa [2] constructed a hierarchy of meromorphic functions which 
includes the theta function and the elliptic gamma function. He call these new functions the 
multiple elliptic gamma functions G v (z\tq, ■ ■ ■ , r r ), which are considered as an elliptic analogue 
of the multiple gamma functions. They are defined by certain infinite products called g-shifted 
factorials (x;q)^}. They satisfy functional relations, such as 

G r (z + Tj\tq, ■ ■ ■ ,r r ) = G r _i(z|r , • • -,Tj, ■ ■ ■ ,T r ) G r (z\T , ■ ■ ■ ,r r ). 

Conversely he characterized these functions with above relations and initial values. 

Our main purpose of this paper is to derive the modular properties of the multiple elliptic 
gamma functions G r (z\ro, ■ ■ ■ ,r r ) while we discuss the properties of the multiple sine functions 
S r (z\uji, ■ ■ ■ ,cu r ) and the multiple Bernoulli polynomials B rn (z\u)i, ■ ■ ■ , oj r ). The hierarchy of 
the multiple sine functions is defined by Barnes' multiple gamma functions. Those have been 
studied by Shintani ^21 > Kurokawa [H] . The multiple Bernoulli polynomials are attached to 
the multiple zeta functions and the multiple gamma functions as in ^ . 

We introduce integral representations and infinite product representations of the multiple 
sine functions. Then it is shown that there are two ways to represent them as an infinite product. 
From the equivalence between them, the modular properties of G t {z\tq, ■ ■ ■ , r r ) are obtained. 
For example, Q is derived from the two representations of S3(z\uji, 012,^3), namely 



S 3 (z\u)l, U>2,U) 3 ) 
TT'l 

(X — g27ri(z/a;i— (i+l)£J2/^i— (fc+l)w3/o;i)\/x _ e 2wi(z/ujs+juJi/uJ3+kuJ2/LU3)--j 



7TI 



x 



n 



\ — e 2iri(z/LU2+j^i/^2 — (k+l)uJ3/^2) 
j,k=0 



2 



iri 



exp { +—B 33 (z\ui,uj2,uj3) 



* n 

j,k=0 



(1 _ e 2m(-z/ui 1 —j^2/uii—kui 3 /u> 1 )\n _ e 2m(-z/uj 3 + (j+l)uj 1 /uj 3 + (k+l)uj2/uj s )^ 
\ — e 2ni(—z/oJ2 + {j + l)ui/u)2-kLL)3/u>2) 



Subustituting u\ = r, u>2 = cr, ui 3 = — 1, we have (^Q) and the fact 

Q(z;r,a) = -^B 33 (z\t, a, -1). 

In general, we use g-shifted factorials (x; q)^ to describe G t {z\tq, • • • , r r ) and S r (z\u>i, • • • , to r ). 
The g-shifted factorial is the exponential of the generalized g-polylogarithm. The general result 
which we prove is the the following theorem. 

Theorem If r > 2,1m ^ 0, then the multiple elliptic gamma function satisfies the identity 



fc=i 



z 



V 

5 3 * " " 5 



exp 



2m 



B rr (z\uj_) > . 



The remaining part of this paper is devoted to investigate the integral representations of 
G t (z\tq, ■ ■ ■ , r r ). We recall the results in E] again, and regard G r (z\ro, ■ ■ ■ , r r ) as infinite 
products of S r+ i(z\ui, ■ ■ ■ ,uj r+ i). 

The paper is organized as follows: In Section 2 and 3, we review the definition and the 
properties of Nishizawa's multiple elliptic gamma functions and those of the multiple Bernoulli 
polynomials. Then in Section 4, we introduce the integral representations and the infinite 
product representations of the multiple sine functions. In Section 5, we prove the modular 
properties of the multiple elliptic gamma functions. In Section 6, we introduce the integral 
representations of the multiple elliptic gamma functions, and these integrals show that the 
multiple elliptic gamma functions are described as infinite products of the multiple sine functions. 

2 The multiple elliptic gamma functions G r (z\r) 

In this section, we review the multiple elliptic gamma functions G r (z\r) according to Nishizawa 
0. 

Let x = e 2mz ,qj = e 2mT * for z € C and tj e C - R (0 < j < r), and 



1 


= (<?o, • • 




■ ,q r ), 




= (<?o, ■ ■ 


V 


,q r ), 




= (go, ■ ■ 




■ ,q r ), 


r 1 


= (%V 
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where qj means the excluding of qj. When Imr^ > for all j, define the (/-shifted factorial 



j0,-,jr=0 



This infinite product converges absolutely when \qj\ < 1. Thus this function is a holomorphic 
function with regard to z, whose zeros are 

z = t Z< H h r r Z< + Z. 

In general we can define the g-shifted factorial for Tj G C— M as follows: When Im to, • • • , Im Tk-i < 
and ImTfc, • • • , Imr r > 0, that is, \qo\, ■ ■ ■ , \qk-i\ > 1 and \qk\, ■ ■ ■ , \q r \ < 1, we difine 



O^L? = {(go 1 "-?*-!^^ 1 '"-'?*-!'*'"-'^))^} 



n ( X - x % 

J0,-,jr=0 



(-1)* 



(-1)* 



(2) 
(3) 



More general definition can be done in a similar way as the values are not changed under the 
permutation of go, • ■ ■ , Qr- In this definition (x; q)^ is a meromorphic function of z satisfying 
the following functional equations. 



Proposition 1 



oo 



(x;q) 



(q j 1 x;q[j]) 



(r)' 
oo 



(qjx;q) 



(x; q)Q 



(x;q (j)) 



(r-i) ' 

oo 



We next denote 



Z = (t ,-- 

Z~(j) = ( T or- 

Z\j] = (to,-- 

-T = (-T , 

\Z\ = Tq + • 



' ' ' ) T r ), 
jTj, ■ ■ ■ , T r ), 
j ~~ Tj, • • • , T r ), 

' ' ' j ~ T r), 

■ + T r 



and define the multiple elliptic gamma function 

G r (z\r) = (x- l qo---qr;q)il ) {(x;q&' 1)r 

= {(-- 1 ;?- 1 )£ ) } ( - ir+1 {(x;^ ) } ( - 1)r 



(4) 
(5) 
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G r {z\r) is denned for tj € C — M from the general definition of (x; q)£} . The hierarchy of G r (z\r_) 
includes the theta function 8q(z,t) and the elliptic gamma function T(z,T,a) which appeared 
in jlUl 15]. When Imr, Imcr > 0, recall the definition 

oo 

(z, T) = JJ(1 - e 2^((i+l)r-^)) (1 _ e 2^0'r+ 2 ) ) = Go ( z | r)) 
j=0 

°° 1 _ e 2ni((j + l)T+(k+l)a-z) 

F(z,r,a) = J] _ e27ri(j - r+fcg+2) = G 1 (z\r,a). 

j,k=0 

The definition of (x; q)^ and Proposition ^ imply the functional equations: 

G r (z+l\z) = G r {z\z), (6) 
G r (z + Tj\T) = G r ^(z\T-(j))G r {z\T), (7) 

°" ( - 2| - £) - w (9> 

OrWdftMiM) = Gr _ i(3 ' |r - (j)) - do) 

G>(z|t) can be expressed as an infinite product directly by (jHJ) and (J5J) for any Tj G C — M. 

The zeros and poles are easily observed if Imr^ > for all j. When r is even, G r (z\r) is 
holomorphic on C, and zeros are written as follows: 

zeros z = tqL<q + • • • + r r Z<o + Z, 
z = t Z>i H h r r Z>i + Z. 

When r is odd, G r (z\r) is meromorphic on C with poles and zeros written as follows: 

poles z = t Z< H 1- r r Z<o + Z, 

zeros z = tqZ>i + • • • + r r Z>i + Z. 

In particular, GV(z|r) has no poles and no zeros in the domain {0 < Imz < Im |r|} if Ini-n,- > 
for all j. 

When r = 0, Gq(z\tq) means the theta function 0q(z,t). As we know, 8q(z,t) posesses the 
periodicity 9q(z + 1, r) = 6q(z, t), 9q(z + t, r) = e~ 2m ^ z ~ 1 ^ 2 " > 6Q(z, r) and the modular property 

90 (p - 7) = 6XP { m (t + ~r ~ Z + I + I 4) } ^< T) - (U) 

The modular property of r = 1 case has been already described in JQ) refering to [5J. We derive 
the modular properties for general G r (z\r) in this paper. 
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3 The multiple Bernoulli polynomials B r>n (z\ui) 

For z € C, to = (loi, ■ ■ ■ ,u r ), LOj € C — {0}, we define the multiple Bernoulli polynomials 
B rn (z\u) with a generating function 



lE =1 (^*-i) = S Br,fl(z ^' 



They essentially appeared in and play an important role to study the multiple zeta functions 
and the multiple gamma functions as in the next section. 

B r>n (z\u) is a polynomial of degree n in z and is symmetric in u\, ■ ■ ■ ,u r . It is easy to show 
that 

B r ^(cz\cui) = c n ~ r B r ^ n {z\ui) (VcGC-{0}), (12) 
B r , n (\u\ -z\u) = (-l) n B r , n (z\ui), (13) 
B r>n (z + -B r>n (z\u) = nB r -i >n -i(z\uT(j)), (14) 

B r ,n(z\u\j]) = -B r , n (z + LUj\uJ_), (15) 
B r>n (z\u) + B r>n (z\u\j]) = -n5 r _i jn _i(z|cj _ (j)), (16) 

—B r>n (z\u) = nB r)n -i(z\u) (17) 

where 

COJ = (cWl, ■ ■ ■ , CLO r ), 

\to\ = U3\ + ■ • • + 0J r , 

= (Wl, • • • ,Uj, ■ ■ ■ ,u r ), 

= (ui, - ■ ■ ,-ujj, - ■ ■ ,u r ) 

and u)j means the excluding of u>j. In particular, B r ^ n (z) = B r>n (z\l, ■■■,!) obeys 

rB r+ltTl (z + 1) = (r - n)B r>n (z) + nzB^^z), 

B r+hr (z) = (z-l)---(z-r)=r\( Z ~ l 



For example, we can see that 
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Bn(z\uJi) 



z 1 

un ~ 2' 

v 2 



B 2 2{Z\UJ 1 ,L02) = Z H £ , 

o / I \ ^ 3(0^! +W 2 +W 3 ) 2 
-033(2^1)^2,^3) = n Z 

o;io;2C<-'3 2oJia;2W3 
ujf + u>2 + + 3u;iu;2 + 3c<J2W3 + 3l<J3Wi 
2wia;2W3 

(u>i + L0 2 + ^3)(^1^2 + W2CJ3 + W3W1) 

4wia;2W3 

4 Definition and properties of the multiple sine functions S r (z\u) 
4.1 Definition of the multiple sine functions S r (z\u) 

Now suppose that the points representing u)\, ■ ■ ■ ,u r E C all lie on the same side of some straight 
line through the origin. (Usually we suppose u\, ■ ■ ■ ,u r £ C all lie on the right half plane.) In 
this case, the multiple zeta function is defined by the series 



(r(s,z\u)= ^2 



n (nitJi H h n r u; r + z) s 

ni,—,n r =0 

for z £ C,Res > r, where the exponential is rendered one-valued. This series is holomorphic 
in the domain {Res > r}, and it is analitically continued to s £ C. Since it is holomorphic at 
s = 0, we can next define the multiple gamma function by 

T r (z\u) = exp (J^(r(s, z\u) ^ ^ . (18) 

Now we define the multiple sine function by the form 

S r (z\u) = r r (z|w)" 1 r r (|c i ;| - z\u) { - 1)r . (19) 

The above definition of ( r (s,z\w) is due to Barnes [Q, and the definitions of F r (z\u/) and 
S r {z\u) are due to Kurokawa [H] and Jimbo-Miwa jl]. Barnes' r r (z|c i ;) is slightly different in the 
coefficient called Barnes' modular constant. 

In particular, the double sine function S^^l^i, W2) have been studied to construct solutions 
or operators of certain equations of mathematical physics as in 0] or jSJ. 
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4.2 Integral representations of S r (z\uf) 
Proposition 2 (i) S r (cz\ao) = S r (z\u/) for all c G C — {0}. 

(ii) When < ~Reu>j (Vj) and < Rez < Re \uj\, S r {z\uj) has the integral representations 

S r (z\u) = expU-l)'^B„(z\v> + i-if I ; ; ; -.11} vim 



Hp j Hr ,^„ (:H + ( _ ir / M _|_ 



)C zn, (2i) 



where the contours are taken as following figures. 

R + iO R-iO o 

' — o ' — C/ 



(iii) When < Rewj (Vj), /S r (z|a;) /ias no po/es and no zeros in i/ie domain {0 < Rez < 
Re|w|}. 

Proof Let L be the half-line from the origin, let L be the half-line conjugate to L with respect 
to the real axis, and let L be the line at right angles to L. Further we take a contour L which 
embraces L, and other contours Cq,C as following figures. 



Cn C 





O J \ o 



L 

Now we assume all of z, u%, ■ ■ ■ , u) r and L he on the same side with respect to L . Then as 
in pQ, T r (z\cu) has an integral representation 

T r (z\uj_) = exp < — I —^K dt } > 



2mJ~ L tY[ r 3=l {l-e-^) 

where log(— t) is rendered one-valued by the cross-cut along L, and log(— t) is real when t is in 
M<o (real and negative). 7 is Euler's constant. 
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Under this assumption, study S t {cz\cuj) for any c € C with — c ^ L. Then all of cz, eu>i, ■ ■ -, 
cuj r lie on the same side with a half-line cL = {ct\ t £ L}. Let c~ l L be the half-line conjugate to 
cL, and let c~ 1 L be a contour which embraces the half-line c~ l L. Then we obtain the rotated 
expression 

T r {cz\cu) = exp<— _ -= 7- —^-K dt ( > 



2vri y c -i£ i Il^iC 1 -e" 

where the cross-cut of log(— t) is the half-line c _1 L, and log(— t) is real when i € M<o- Further 
changing i into c~ 1 t and changing the branch of the logarithm, we get 

p / I \ / 1 f er zt {\og(-t)-logc + 1 } u \ 

1 r \cz\ojj) = exp < / == — at > , 

1 '- j P \2vrfA tnj=i(l-e- w i*) /' 

where the cross-cut of log(— t) is the half-line L, and log(— t) is real when t £ M<o- 
If we denote ip(t) = -^rf — / u . t tt> the above expression is rewritten into 

t-i / I \ f f, n v r +l ( ,A l °S(-t) -logC + 7} 

Iyfcz qjj = exp < / (—1) T ^(—t) at 

[Ji Zki 

Moreover assuming that |cj| — z lies on the same side with L as well as z and u, we get 

r M l t a / / ^ {logH)-logc + 7} 
1 r c w — cz cuj] = exp < / (pit) at 

[Ji 2 ™ 

Thus by the definition (fTTJ)) . 

{log(-i) -logc + 7} 



S r (cz|cu;) = exp|(-l) r ^{(^(t) 



2vri 



When we consider the integral ip(t) + p(—t)dt, L can be replaced by Co because ip(t) and 
l -p{—t) are rapidly decreasing along the half-line L. We note that c^>(t)H-c^( — t) is an even function, 
then we have 



They yield 



tp(t) + ip(-t)dt = / ip(t) + ip(-t)dt = 0. 
L Jc 



S r (cz\cu;) = exp {(-If J{<p(t) + ^-t^^J^dtl . (22) 

The right-hand side of this formula is independent of c. This means that S r (cz\cu/) coincides 
with S r {z\uf) under the assumption that z and \uj\ — z lie on the same side with L. Nevertheless 
the analytic continuation certifies that S r (cz\cu) = S r (z\to) for any z except the poles. Another 
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assumption — c ^ L is not essential since we could choose a line L such that —c^L for any c. 
We conclude (i). 

Next we have to show (|2Up of (ii). Suppose < Keujj, < Kez < Re|a;|, c = 1, L = 
M>o,L = C. We shall transform the integral of (|22|) after fixing the branch of the logarithm 
such that the cross-cut of log(— t) is the half-line M>o, and log(— t) is real when t € M<o- 

-R + ie 




Set the contours as above figure, then stretching the contour C implies 

^{-t)^- 1 dt= ^- t )^—ldt+ ^-tj^—Ldt. 

c 2m J-R+ie 2m J R _ ie 2m 

By changing t into —t without changing the branch of the logarithm, we have 

^-t) l ^dt = - f v(t) log{ - t] r m dt, 



2m J R _ ie 2m 

>g(-*)^ f r Aog(-t) + m 



[ ^(-t^dt = - [ 

JR-ie Z7rl J-R+ie 



2m 



dt. 



Thus 



C 2m J R _ ie 2m J-R+ie 2m 

On the other hand, stretching the contour C implies 

p(t)-|M<ft= / (p (t)-^r+dt+ <p(t)^—^dt. 
C 2m J-R+ie 2m jR-i t 2m 

Consequently we obtain 

{<p(t) + ^H)}^|^ dt = ~f y{t)dt + \ ! ^ dt 

C lm 1 J-R+ie 1 JR-ie 



- / ip(t)dt + - | / 
2 Jr+m 2 [jR + i, 



(p(t)dt+ / <p(t)dt 

iO J C 



m 



(p(t)dt -\ -B rr (z\ui), 

R+iO r - 

since the residue of cp(t) at t = is hB rr (z\u)). (|2TI|) is shown. 

Ea.(|21[) follows easily from (|2U|). (iii) is due to (ii) because the integrals of (ii) are bounded. □ 

The following well-known formulae hold from the integral representations of S r (z\u). 
S r (z + ojj\u) = S r -i(z\ui~ (j))^ 1 S r (z\u/), S r (z\uj)S r (\uj} — zlu/)^ 1 ^ =1. 
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4.3 Definition of the generalized g-polylogarithm Li r+ 2(x;q) 

To describe the infinite product representations of S t (z\uj), we start with a definition and a 
lemma. Now let x = e 2mz , qj = e 2mT i . When Imz > and Imrj ^ (0 < j < r ), Nishizawa [S] 
defined the generalized </-polylogarithm 

oo 

U r+2 (x;q) = ^ 



This series converges absolutely and then it is holomorphic in z. This function is a generalization 
of Kirillov's quantum polylogarithm whose parameters qo, - ■ ■ ,q r are all equal. If r = 0, the 
above series is the quantum dilogarithm in |2j. 
We can see the functional equation 

U r+2 {x;q) = -Li r+2 (^ _1 x;g;[i]). (23) 

Let us review the following fundamental lemma verified in 

Lemma 3 Let Imz > 0, ImTj ^ 0, that is, \x\ < 1, \qj \ ^ 1, then 

(x;q)^ = exp(-Li r+2 (x;g)). 



oo r 
X 



Proof First we discuss the case when \qj\ < 1 ( Vj) . Applying the formula l—x = exp | — 
it follows that 



n 

n=l 



exp(-Li r+ 2(x; q)) = exp 



exp < 



oo 



^ — > x 



Q?) 



E E 



x' 



q ■■■Qr 



n 

n=lj ,-,jr=0 



n exp \-£&-*y 



II n 
JO,— ,>=0 n=l 



n (l-xq^---qh 

jo,--,jr=0 



Next it is enough to discuss the case when \qo\, ■ ■ ■ , \qk-i\ > 1, and \qk\, • • • , \q r \ < 1- The 
first case and (|2l. ((2*3*|) implies 
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= {exp(-Li r+2 (<? 1 ■■■q k l 1 x;{q 1 ,--- ,Q k -v Qk,---, Qr))} { 1)k 
= {exp(-(-l) fc Li r+2 (x; (q , • • • , q k -!,q k , • • • , q r ))} { ~ 1)k 
= exp(-Li r+2 (^;g))- □ 

4.4 Infinite product representations of S r (z\u) 

We need the following lemma. 

Lemma 4 IfO < Rez < Re \lo\, Imz > and Imz > Im \u\, there exists a real series {a n } such 
that 



lim a n = +oo and lim 

n^oo 



n— >+oo 



z« 



^nL(^-i) 



^ = 0. 



Similarly if < Rez < Re Imz < and Imz < Im|a;|, i/iere exists a reaZ series {a n } 
such that 



f e zt 
lim / — ; ; -dt = 0, 

where the contour is drawn in the following figure. 



lim a n = -co and 

n—>oo 



R + ia n 








o 





There exist a small e > and a real series {a n } such that the distances from each poles to 
any contours R + ia n are more than e. We reach the above lemma by estimating the absolute 
value of the integrand. 



Nowwesetx fc = e 2 ™ 2 / 1 ^, g jfe = e 2 ^/ UJk ,q k = (q lk , ■ ■ ■ ,q kk , ■ ■ ■ ,q rk ) and q k 1 = (g lfc \ 



v 



, q rk ), then we are ready to prove the formula on S r (z\u) 



Proposition 5 If r > 2, Im ^ 7^ ; i/ien SV^u;) /tas i/te following infinite product representa- 
tions. 



S r (z\cj) = exp I (-l) r — B rr (z\ui) \ Y[( x k;qk)&> 2) 
^ J fe=i 

= expjc-ir^^^l^ln^- 1 ;^) 



-L^-^C*- 2 ) 
00 



(24) 
(25) 



fc=i 
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Proof From Proposition and (|12[). it is enough to discuss the case < Rewj for all j. We 
need to evaluate the integrals of Proposition H^ii) by the residue formula. We first computate 
that 

R es ! = E* 

For the convergency of the series, we restrict the domain of z to 

< z e C < Re z < Re \u\ , < Im z , Im M < Im z , Im — > Nk) \ , 
I w fc J 

which is not void when HetOj > 0. Then we can use Lemma |IJ and add up the residues in 
{Imt > 0}, namely 

" p { ( - 1)r L.«rc-.^«-i)*} 
= exp (-lyi^Y. t R £L m r {e ^t _ 1} 

( r oo „ *\ 

= exp (-l^vr^^ 



oo 



1^2™ n -=1,^(^-1) 



r 

]J exp {-Li r (a; fc ;%)} 



fc=i 



v(r-2) 
/oo 

fe=l 



The last equality is due to Lemma 01 Therefore we get (|24|) from (|20[) under the restriction of 
2, but we can conclude (|2lj) for any z£C except the poles by the analytic continuation. 
Similarly in the domain 



z G 



< Re z < Re \u I , Im z < , Im z < Im la; I , Im — < (Vfc) ) , 



we are allowed to add up the residues in {hut < 0} and we get (|25jl from (|21|) . □ 

Consequently it is clear that SV(z|o;) is meromorphic on C. In the next section, Proposition 
will be connected with the modular properties of the multiple elliptic gamma functions G r (z |r ) . 
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Corollary 6 J/Im^ > 0, then 



S2(z\ui,U2) = ex.pl +^--622(^1^1,^2) > JJ - 



3=0 



I _ e 2TTi(z/ui2+juJi/w2) 
_ e 2iri(z/uJi-(j+l)uJ2/uJi) 



exp I --B 22 {z\^2) \ 11 1 _ e2 ^- z/u>2+U+1)wi/w2 y 

3=0 



If Im ^, Im sa. Im &a > 0, toen 
5*3 (2 0^2,^3) 



7T2 



exp<{ -— B 33 (2:|u;i,cJ2, u 3 ) 



°° M _ e 2m(z/u>l—(j+l)(jJ2/u>l-(k+l)U3/vx)\M _ ^Ki{z/uZ+3Ul/uz+kU2/uz)\ 

x II 



j,fc=0 



I — e 2m(z/uj2+jLxJi/uj2~(k+l)LLj3/uJ2) 



iri 



exp { +—B 33 (z\ui,uj 2 ,uj 3 ) 



00 ^ _ g 27ri(-2;/£Ji— jua/^i— fcW3/a)i)^^ _ e 27ri(-2/u;3 + (j+l)u;i/w3 + (fc+l)a;2/a;3)^ 
X 11 



j,k=0 



\ — e 2iri(—z/ijJ2 + (j+l)L0i/u)2~kL0z/w2) 



Similarly the equation S\(z\uJi) = 2sin^ is confirmed by the residue formula. 



5 Modular properties of the multiple elliptic gamma functions 



Now we show the main theorem of this paper. 

Theorem 7 (Modular properties of G t (z\t)) If r > 2, Im ^ 7^ ; then the multiple elliptic 
gamma function satisfies the identity 



II Gr-2 ~ 



loi u k u r \ \ ( 2m \ 
— , • • • , — , • • • , — = exp <^ r-B rr (z \u/) > . 

LO k UJ k LU k J J [ r\ J 



Proof Assume that ui,---,u r lie on the same side of some line through the origin. Then 
comparing the formulae (|24|) and l)25|) implies 



2? ™ o I I \ 

exp <; —B rr [z \u) 



n{^v)t 2) } HrI {(^*)t 2) } 
k=i 



i-iy 



LO\ UJ k 



U! k LO k LO k 
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where we used the definition © of G r (z\r). 

In general, it suffices to see the case when 0J2, • • • , w r lie on the same side and only uj\ lies on 
the contour side. In other words, — cji,u; 2 , ■ ■ ■ ,u> r lie on the same side. Then apply © , (jSJ) , © 
and Q15|) to complete the proof inductively. In fact, it follows that 



G 



r-2 



Z 



Ll>2 



r-2 



G r -i 












exp < 












exp < 









k=2 



Z 



5 ; 



-1 r 



Ha 

k=2 



r-2 



V 


-a) 




Wfc J 


f« 




(■■ 


I Wfc 





-0>i 



Wfc Wfc 



□ 



V 



Wfc 



Theorem 8 (Modular properties of G t {z\t)) IfluiTj ^ and lm^- ^ 0, then 



GJz\t) 



exp 



2ni 



x 



(r + 2)! 

r 



fc=0 

exp 



^T fc 
2vrz 



Br+2,r+2(«|Cz:»-l)) 
TO 



V 
Tfc 

Tfc Tfc 



T r 1 

Tfc' T k 



(r + 2)! 

z 



x n c d~ 

fc=o V Tfe 



-Br+2,r+2(^|(Z, 1)) 
TO 



V 
Tfc 



Tfc 



Tfc 



T r 1 
Tfc' Tfc 



(26) 



(27) 



Proof In Theorem [JJ we replace r by r + 2 to get 

r+l / 



When o; = tq, 



fc=o W 



= exp 



wo 
^Wfc' 

2vrf 



v 



0J r +l 



: : j 
Wfc Wfc 



r+2,r+2 



(r + 2)! 
— 1, this becomes 



(z\(0J ,-- -,Ur+l)) > ■ 



G r (-z\ -r) ]jG r - 
fc=o V Tfc 



TO 



Tfc 



; 5 ; ; 5 
Tfc Tfc Tfc Tfc 



exp 



2m 
(r + 2) 



-B r+2 , +2 (*|(T,-l)) . 
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The first formula follows from ©• 

Second formula of the theorem is similar to first one by letting u; r +i = +1. □ 

The equivalence between ^ and (J27|) follows from CHI),®,!^ and Theorem^] Of 
this theorem includes Jacobi's result ((TTj) and Felder and Varchenko's result 



Corollary 9 //Imr > 0, then 

9 (z,t) 

If Im t, Im cr, Im — > 0, then 
T(z,T,cr) = 



' z 1 

exp{7riB 2 2{z\T, -1)}9 ( -, — 



exp{— KiB 22 (z\T, 1)}6> C 



T T 

Z J 

j 

r r 



TTl 



exp<{ —B m {z\T,a, -1, 



exp \ -—B^{z\t, cr, 1) 



If Im tq , Im ri , Im T2 , Im ^ , Im ^ , Im > 0, then 



7TZ 

G 2 (2|ro,ri,r 2 ) = exp \ — Bu(z\t , Ti, r 2 , -1) 



Vcr' 0-' o-/ 

/ Z — (J (7 1\ 

\ T ' T' t/ 
/ 2 <T 1 \ 



T ' T > T 



■p / T — Z T J\ 



G 2 


( Z - Tl - T 2 




TO Tl 1 \ 

t 2 r 2 r 2 / 




G 2 


- T 2 

V n 


TO T 2 1 \ 
Tl Tl Tl / 



TTl 



exp<J -— S44(^|t ,ti,t 2 ,1) 



G 2 


( z 
V to 


Tl T 2 1 \ 
TO ' T ' T / 


G 2 


f T + Tl - Z 
V T 2 


TO Tl 1 \ 

t 2 r 2 r 2 / 


G 2 


(t - Z 

\ Tl 


TO _ 

3 

Tl 


"-,--) 
Tl Tl/ 



T/ie parameters of 9q,T,G2 which appeared above are all in the upper half plane. 



Proof To prove the first identity of G 2 , we take r = 2 in Theorem El and get 



TTl 



G 2 (z\t ,tx,T2) = exp \ — B A4 (z\to,ti,t 2 , -1) } G 2 



xGo 



TO T2 l_ 

Tl Tl Tl 



z 


Tl 


T 2 


1 


TO 


TO 


TO 


TO 


n 








T 2 
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We recall that the functional equation (jSJ implies 



G 2 

G-2 



z 


T\ 


T2 




TO 


TO 


TO 


TO 


z 


TO 


T2 




n 


Tl 


3 

Tl 


Tl 



G 2 
G 2 



Z - Tl 


- T 2 


Tl 


T 2 


TO 




TO 


J 

TO 


Z — T2 


TO 


T2 




Tl 


Tl 


1 

Tl 





All required formulae are obtained in a similar way. □ 

6 Representation of G r (z\r) by the integral or S r+ i(z\u) 

In this section, we start with the following proposition, which is verified by evaluating the 
residues inside the contour C\. 

Proposition 10 When Imz > 0,ImTj ^ (Vj), then we have 



U r+2 (x;q) = 
where the contour C\ is as follows. 



Cl t(l- e 2-*)n, r =0 (l-e 2 ^*) 



Ci 



dt, 



o 



The definition of G>(z|r), Lemma |3] and the above proposition lead us to the following 
representations. 

Theorem 11 (Integral representations of G t (z\t)) When Im Tj > (Vj), < Imz < 
Im \t\, then 



G r (z\z) 



exp 



exp 



exp 



Jlirizt 



(h t(e^-l)Y[) =Q {e 

B r +2,r+2{z\{T, 1)) + 



dt 



(r + 2)! 
2m 



(r + 2)! 



B r+2 , r+ 2(z\(r, -1)) + 



_ e 2nizt _|_ ^_^~jr+l e 27ri(|r| + l-z)t 

t( e 2 -*-l)n-= (e 2,ri ^-l) 

_|_ ^ ^^gSTridrl — 1 — z)t 

i£ t(e- M -i)n;=o(^ T3t -i) 



where we take a small e > anc? f/ie contours as following figures. 



17 



d R + ie 

) e 

O V 1 -11 



We have immediate results by setting r = or 1. 
Corollary 12 If < lmz < Imr, we have 

n , x if cos(vr(2z - r - l)t) , 

9 (z,t) = exp - / -A \ \' dt 
y Jq 1 2tsm{TTt) Sm[7TTt) 

[ .t, / i /" cos(vr(2z - t - l)t) , 

= exp { -mB 22 (z r, 1) + / \ v . y 

[ 2tsin(7rt)sin(vrrt) 

f .„ , , 1N /" cos(vr(2z - r + l)t) , . 
= exp tuB 22 z r, -l) + / \ V . ; . 

[ y K+ie 2tsm(7rt)sm(7rri) 

If < Im z < Im (r + er), w;e /iai>e 

f y s in(7r(2z - r - a - l)t) 

I Iz, t, a) = exp < — / - — — — . . -ar 

[ 7c 1 4r sm(7rt) sin(7rrt) sm(irat) 

( m _ , . „. /" sin(7r(2z — t — a — 
= exp --£33 z r, a, 1) + / - . V V ; ; <ft 

L 6 Jft+ie 4Tsin(7rtj sin(7rrtj sm(7rorJ 

f7ri . , „ N /" sin(7r(2z — r — cr + l)t) 

= exp\—B 33 (zT,a,-l)+ - .\\ 1 ' dt 

I d JR+ie 4tsm(7rtj sin(7rrr) smijrat) 

The corollary implies the following formulae by collecting the residues inside the contour 
C\. These were originally obtained in a different way [B]. Generally G r (z\r) have similar 
representations [Hj. 

Corollary 13 (summation formula) If < lmz < Imr, then 

COs(7Tj(2z — t)) 



oo 



~ J sm(vrjr) 



3= 



IfO< Im z < Im (r + <r), i/ien 



/ i ^sin(vri(2z-T-a)) 
r(z, r, a) = exp -- > . , . 

« 2 ^— ^ j sm(7rjrj sm(7rj(Tj 



At the end of this paper, we give the following theorem which comes from the integral 
representations of G r (z\r) and S r (z\u). We also use (fT2|) and Proposition |2^i) for the proof. 
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Theorem 14 (Representations of G r by the infinite product of SV+i) We assumeluiTj > 
(Yj)j < Imz < Im \t\, then 

( 2m 

G r (z\r) = exp | g r+2 ,r+2(^|(r, -1)) 

fr S r+ i(s + fc + 1^-^ S r+1 (z - fc|r)(- 1 ) r 

x 11 f ■ T 

fc =o exp i^^(B r+ltr+1 (z + fc + 1|t) - 5 r+ i, r+ i(z - fe|r)) j 

= exp { ~ ( r + 2)! Br+2 < r+2 ( z \(-> *)) 

fr S r+ i(z + fc|r)(- 1 ) r S r+1 (z - fc - l|r) ( ~ ir 

X 11 f : ^T' 

fc=0 exp ij^^(B r+1;r+1 (z + k\r) - B r+1:r+1 (z - fc - l|r)) j 



Now we denote 



^(*) = ex p ( 27ri I . e Lt l _ i dt ) 

\ >/ — too / 



which satisfies ^2(1) = exp S and ip2(z)ip2('2 — z) = exp (— iriB22(z\l, 1)). Refering to Kurokawa 
[Zl El; 5*2 ( ^ 1 1 ^ 1) obeys the identity 



Hence they imply 



S 2 (z\l, 1) = exp f- 1^ ir(t - 1) cot(vrt) dt) . 
S 2 (z\l,l) = M*)' 1 exp l-^B 22 (z\l, 1)1 



7T2 



= V 2 (2-z)exp j-5 22 (z|l,l)j. 
Substituting r = 1, r = tq = t\ in Theorem 1141 we can get the formula 

( ■ >. 00 , / z+k+l \ 

^ r, r) = exp { ^ 33 (.|r, r, -1) } j[ ^ _\Jy 

This is a shifted version of the formula which appeared in Theorem 5.2 of paper |3j. 

Acknowledgment The author thanks Prof. Kimio Ueno for discussions and support. Thanks 
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